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Abstract—This paper is concerned with the Bayesian estima-
tion with possibility theory of the number of targets in an area of
interest when no prior information is available. The estimation
relies solely on the number of detections that is reported every
time the area is surveyed. It is assumed that detections can be true
and false positives. Possibility theory is capable of quantifying the
complete absence of prior information on the number of targets
with the introduction of a prior possibility function that is equal
to one everywhere on the set of natural numbers. This has no
equivalent in probability theory. The prior possibility function is
turned into a posterior possibility function from which a point
estimate of the number of targets can be derived. Besides the
point estimate, a meaningful notion of confidence interval can
be derived from the posterior possibility and necessity associated
with subsets of the natural numbers.

I. INTRODUCTION

This paper is concerned with the Bayesian estimation of
the number of targets in an area of interest when no prior
information is available. The emphasis is on the quantification
of the absence of information about the number of targets and
its implications on the estimation process.

The scenario we envision is as follows. The area of interest
is surveyed by a sensor by which we mean a sensing device,
an imaging sonar for instance, and a detector, acting on sensor
data and tuned to a certain type of target. We assume that the
area is much larger than the sensor’s field of view so it makes
sense to speak of a survey of the area when the sensor is
carried on a vehicle. We assume that the area contains a fixed
number of targets if any at all. Thus targets appear in and
disappear from the sensor’s field of view during a survey but
never from the area itself. A number of detections is reported
after every survey, the detections being a collection of true and
false positives depending on whether the detections originate
from the targets. We assume that a true positive originates
from a single target. In its most general form, the question is
what can be said about the number of targets in the area from
the number of detections when no prior information about the
number of targets is available?

Possibility theory is capable of quantifying the complete
absence of prior information on the number of targets via a
particular representation that satisfies most criteria regarding
an uninformative prior [1, 2]. In its most modern form,
possibility theory has been applied successfully to sensor data
fusion for Space Situational Awareness [3] and multi-target

tracking [4] with an emphasis on the connections between pos-
sibility theory and probability theory besides matters strictly
related to sensor data fusion and multi-target tracking. With
probability theory, it is notoriously difficult to properly define
a weakly informative prior. Paradoxes arise indeed when one
uses improper prior probability distributions [5]. In particular,
a prior probability distribution that is constant on a subset of
the real line so as not to favour a value more than another can
be argued to be informative since a simple change of variable
may yield a prior probability distribution that is no longer
constant [6]. Even when considering a probability distribu-
tion on a countable set such as the natural numbers, there
are consequences for choosing a uniform prior probability
distribution, as we will show in our numerical experiments.
The problem we are concerned with has been addressed in [7]
with probability theory and a prior on the number of targets
that is constant up to a predetermined maximum number.
Here, we generalise this approach to random true and false
positive rates. This will be our baseline when we evaluate the
performance of our estimation procedure based on possibility
theory.

In Section II, we present elements of possibility theory. In
Section III, we present the Bayesian inference on the number
of targets with possibility theory. In particular, we present
the point estimation of the number of targets along with the
construction of confidence intervals on the number of targets.
In Section IV, we present the Bayesian inference on the
number of targets with probability theory. In Section V, we
compare in simulation the performance of the point estimator
derived from possibility theory to the performance of the one
derived from probability theory.

II. ELEMENTS OF POSSIBILITY THEORY

A. Possibility functions, possibility and necessity of events

We present here elements of possibility theory. Let X (with
realisations x) be an uncertain variable on a certain space X.
Uncertain variables are to possibility theory what random vari-
ables are to probability theory. The information we hold about
X is quantified by a possibility function Fy : X — [0, 1]
which is a function such that max,ex F'x(z) = 1. Events are
subsets of X and the credibility about an event is quantified by
two quantities: the possibility and the necessity of the event.



If U C X is a subset of X and U¥¢ its complement in X, the
possibility 7x (U) and the necessity vx (U) of the event U are

7x (U) = max Fx (x)
zeU (1)
vx(U)=1- max Fx(x).
The possibility and the necessity of U are real numbers in the
interval [0, 1] and may be interpreted in the following way [1,
2]:

o The closer the possibility mx(U) is to one the more
possible U is. We would not be surprised if U happened.

o The closer the necessity vx(U) is to zero the less
necessary U is. We would be surprised if U happened.

o The closer the possibility mx(U) is to zero the less
possible U is. We would not be surprised if U did not
happen.

o The closer the necessity vx(U) is to one the more
necessary U is. We would be surprised if U did not
happen.

B. Complete knowledge or absence of knowledge

Consider the extreme case where F'x () = 1 for every x €
X. For any event U C X, we have mx (U) = 1 so the event is
possible to the highest degree and we would not be surprised
if the event happened. We also have vx (U) = 0 so the event
is unnecessary to the highest degree and we would not be
surprised if the event did not happen. The possibility function
Fx quantifies therefore the complete absence of knowledge
about X.

Consider the other extreme case where Fx(x) =1 if z =
2o and Fx(x) = 0 if © # x¢ for some zg € X. We have
mx({zo}) =1 and vx({zo}) = 1 so the event {z(} is both
possible and necessary to the highest degree. For any other
event U such that zy ¢ U, we have mx (U) = 0 and vx (U) =
0. The event U is both impossible and unnecessary to the
highest degree. We deem it impossible if an event other than
{zo} happened unless the event contains . The possibility
function F'x quantifies therefore complete knowledge about
X.

C. Bayesian inference

If Y (with realisations y) is another uncertain variable on a
certain space Y, the information we hold jointly about X and
Y is quantified by the joint possibility function F'xy : X X
Y — [0, 1] which is such that max, y)exxv Fx,y(z,y) = 1.
The marginal possibility function of X and the conditional
possibility function of X given a realisation of y € Y of Y
are [3, 4]

Fx(z) = Iyr}ea%(FX,Y(m>y) )
and
F
Fxiy (aly) = 2481, 3)

Fy (y)

Realisations of Y may also belong to a subset V' of Y.
The generalised conditional possibility function of X given
realisations y € V of Y is

maxycv Fx vy (z,y)

maxyev Fy (y)
Note that (4) reduces to (3) when V is a singleton. The general
form of Bayes’ theorem for possibility functions is therefore
maxycy Fx (z)Fy | x (y|z)

maX (g 4)eXxV FX(I/)FY\X(MW)-
Equations (1) and (5) provide together the posterior possibility
and necessity of events U C X conditioned on realisations
y € V of Y, namely

mxy (UV) = I;lea[}(FX\Y(iEW)

Fxy(z|V) = 4)

Fxy(z|V) = 5)

(6)
vxy (UIV) =1- max Fxy (x|V).

D. Change of variable

We consider the change of variable Z = {(X) for a general
mapping ¢ : X — Z [4]. The possibility function of the
uncertain variable Z is obtained from that of X according
to Fz(z) = max,ec—1(») Fx(x) where (7'(2) is the inverse
image of z € Z by (, that is (71(2) = {z € X : {(z) = z}.
We observe that if we hold no information about X at all
and Fx(z) = 1 everywhere on X, we find that Fiz(z) = 1
everywhere on Z. We hold therefore no information about
Z at all either. In the context of Bayesian inference with
possibility theory, this means that an uninformative prior
possibility function remains uninformative under a change of
variable. We remember that on the other hand, in the context
of Bayesian inference with probability theory, a uniform
probability distribution, considered thus uninformative, does
not in general remains uniform under a change of variable [6].
We now consider the true and false positives reported after a
survey. If X represents the number of true positives and Y the
number of false positives, Z = ((X,Y) = X 4+ Y represents
the number of detections. The possibility function of Z is
FZ(Z) n (x,y)EXIS%):(;c—i-y:zFX’Y(x’y)' (7)
E. Additional notions

Independence for uncertain variables is somewhat different
than independence for random variables. If there exists pos-
sibility functions Gx : X — [0,1] and Gy : Y — [0,1] and
such that

Fxy(z,y) = Gx(2)Gy (y) ®)

for every (z,y) € X x Y, we say that X and Y are
independently described by Gx(z) and Gy (y). This notion
of independence for uncertain variables only implies that the
information we hold about X is not related to Y and con-
versely, which is very different to the notion of independence
for random variables. A meaningful notion of expectation has
been derived [8] and, in keeping with previous notations, the
expectation of X conditioned on realisations y € V of Y
is argmax,ex Fx|y (z|V). Note that the expectation is set-
valued in general.



III. INFERENCE WITH POSSIBILITY FUNCTIONS
A. Framework

Let N (with realisations n) be the uncertain variable on
N that represents the number of targets in the area of interest
where N is the set of natural numbers. Let C; (with realisations
¢;) be the uncertain variable on N that represents the number
of contacts after survey 7 where ¢ is a discrete index that
identifies the survey. We know that the contacts are a mixture
of true and false positives but we know nothing about their
proportions. Accordingly, let Cr, and Cr, (with realisations
cr, and cp;) be the uncertain variables on N that represent
the number of true and false positives. We have accordingly
Ci; = Cr, + Cp,. After m € N* surveys, where N* is
the set of strictly positive natural numbers, we write C,,
for the collection (C4i,...,Cy,) and ¢, for the collection
(c1y...,¢m). The posterior possibility function of the number
of contacts is

Fy(n)Fc,,|n(em(n)

F m) = 9
N|C, (7€) Een) ©)
where
€(em) = max Fy (n)Fe,, v (Cm|n) (10)
is the evidence. We consider the conditional expectation
Ny = arg%linI{FN|Cm (n|cm) (11)

as a point estimate of the number of targets. We remember that
the expectation is set-valued in general. We choose the median
of the set as the point estimate. If one is much concerned about
the underestimation of the number of targets, one may choose
instead the maximum element as the point estimate of the
number of targets, which is not what we do here. We assume
that conditioned on a number of targets the information we
hold about the numbers of contacts does not relate one to any
other. This is is the notion of independence detailed in section
IT and we write accordingly

Fo,n(emln) = [ ] Feun(eiln). (12)
=1

We remember that C; = Cr, + C'r, which, combined with the
change of variable formula of Section II, leads to

FC,;\N(Ci|n) = max . FCTi,CFi\N(CTwCFi n) (13)

cr;+Cr;=¢i
We assume once again that conditioned on a number of targets
the information we hold about the number of true and false
positives does not relate one to the other so that we write
further

14

Fe,n(ciln) = max  Fo, n(er[n)Foy, (cr).

cr,+Cr, = ¢
At this point we have to specify the prior possibility function
of the number of targets, the conditional possibility function
of the number of true positives given the number of targets,
and that of the number of false positives.

B. Prior on the number of targets

For the prior possibility function on the number of targets,
we consider two cases. In the first case, we assume that we
hold no prior information on the number of targets, and we
have accordingly

Fy(n)=1 foral neN. (15)

In the second case, we assume that we are certain that the
number of targets does not exceed a certain number ng € N,
and we have accordingly

1 if0<n<ng

Fy(n) =
N =4, it n > ng

(16)
As expected, the prior possibility and necessity of the event
0 < N < ng are both equal to one while the prior possibility
and necessity of the event N > ng are both equal to zero.
The motivation for considering a prior that imposes an upper
bound on the number of targets as well as one that does not
is related to the Monte Carlo simulations that will come later.
The number of targets will be uniformly chosen at random in
between zero and some upper bound, and it seems appropriate
to consider a prior that captures some of this information.

C. Binomial-Poisson model

For the number of true and false positives, we consider a
model derived from the Binomial and the Poisson probability
distributions with uncertain parameters. We assume that the
uncertain Binomial detection rate A (with realisations «)
belongs to an interval [ag, ;] where 0 < ap < a3 < 1 as
opposed to the set of positive real numbers. We also assume
that the uncertain Poisson parameter A (with realisations \)
belongs to an interval [Ag, A1] where 0 < Ay < A;. The prior
possibility functions on A and A are equal to one on [ag, o]
and [A\g, \1] respectively and zero elsewhere. We find that

max B(n,cr,,a)
ap<asay ~ (17)

Foy,(cr) = | max, Pler,A)

Fey, n(er|n) =

where B and P are the Binomial and Poisson possibility
functions derived from the Binomial and Poisson probability
distributions and detailed in the Appendix. The distributions
are normalised by a multiplicative factor so that the corre-
sponding possibility functions take their values in the interval
[0,1]. Note that A represents the average number of false
positives in the area that is being surveyed and also its
variance. Also note that B(n,cr,,a) # 0 when 0 < ¢, < n
and B(n,cr,,a) = 0 when ¢z, > n for it is not possible to
have more true positives than the number of targets.

D. Example

We consider here a scenario based on simulated data. We
must therefore detail the probability distributions which the
simulated data is based on as well as the possibility functions
which the inference is based on. The true number of targets
is not randomly chosen and set to n* = 15. We assume we
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Fig. 1. Posterior possibility functions Fi|c,, (n|cm) on the number of
targets.

hold no prior information on the number of targets so that
the prior is given by (15). The Binomial detection rate is
uniformly chosen at random between ay = 0.8 and a7 = 0.9
and independently for every survey. The information conveyed
by the prior possibility function on the Binomial detection
rate — an uncertain rather than a random variable as far as
the inference is concerned — is that it is somewhere in the
interval [ag, o). The Poisson parameter is uniformly chosen
at random between A\g = 0 and A\; = 10 and independently
for every survey. The information conveyed by the prior
possibility function on the Poisson parameter — once again an
uncertain rather than a random variable as far as the inference
is concerned - is that it is somewhere in the interval [Ag, A1].
True and false positives are simulated independently according
to the Binomial and Poisson discrete probability distributions
and added together to produce the number of detections. One
such simulation produced the following number of detections:

(c1,...,c10) = (17,19,15,14,19,21,16,23,25,16). (18)

Fig. 1 shows the posterior possibility functions on the number
of targets given the number of detections as a function of
the number of targets and the number of surveys. We chose
m € {4,6,8,10} rather than m € {1,...,10} so as to make
the figure as clear as possible. We first observe that for a
given number of surveys, the posterior possibility function is
maximum over a subset of the natural numbers. We remember
that the point estimator of the number of targets N, is chosen
as the median that subset, which produces half-integer values
when the subset is composed of an even number of elements.
For m € {4,6,8,10}, we find that

(N4, Ng, Ng, N1g) = (13,14.5,15.5,16.5). (19)

More information may be extracted from the posterior pos-
sibility functions. The posterior possibility and necessity of
events U C N are

Tm(Ulem) = max Fy ¢, (n|cm)

nelU (20)
Um(Ulen) = 1 — max Fy|c,, (n|cm).
nele

Say we are interested in quantifying the credibility of the event
N = n* = 15, which is the true number of targets. We find

that after four surveys, the possibility and necessity of the
event are:

m4(N = 15|(17,19, 15, 14))
va(N = 15|(17,19,15, 14)) =

1

2D
The event N = 15 is both possible and unnecessary to the
highest degree. We hold therefore little information on the
event as explained in Section II. Careful examination of the
posterior possibility functions shows that we hold as little
information on the event after ten surveys. We must therefore
broaden the set {15} and, to this effect, we consider the subsets
of the natural numbers for which the necessity is at 75%. The
black dots along the dashed line in Fig. 1 indicate where are
the extremities of these subsets. We find that after four surveys,
it is 75% certain that the number of targets is in the subset
{4,...,21} and in the subset {11,...,21} after ten surveys.
It is clear that this type of reasoning may be used to derive
confidence intervals on the number of targets.

IV. INFERENCE WITH PROBABILITY DISTRIBUTIONS

We now turn to the Bayesian inference of the number of
targets with probability theory. The approach we present here
is a generalisation of the approach presented in [7] to the case
where the target detection rate and the Poisson parameter are
random, both with a uniform prior on an interval'. In what
follows, what was previously an uncertain variable is now a
random variable. We keep our notations as much the same as
before and expect the reader to tell whether a variable is an
uncertain variable or a random variable from the context. The
posterior probability distribution of the number of targets is

Py(n) [T, Pe,jn(ciln)

PN\Cm(n|cm) = 8’(c ) (22)
where
E'(cm) = > {Pvim) [[{Peynaln)}} @3
n=0 i=1

is the evidence. The sigma additivity of probability distri-

butions together with the assumed statistical independence

between the numbers of true and false positives leads to
PCiln(ci|n) = Z {PCTiIN(CTi |n)PCFz (ci - CTi)} (24)

cT; =0

ITo be more specific, we use a Poisson probability distribution to model
the number of false positives. In [7] the area of interest is divided into cells.
The number of false positives thus follows a Binomial probability distribution
with a certain false detection rate.



A uniform prior over the Binomial detection rate A and
another over the Poisson parameter A leads to

PCTi|N(CT,-|n) = (a1 — 040)_1 B(n,cr,, a)da
oY (25)
PCFi (CFq) = (/\1 — )\0)71 P(Cpi,)\)d)\
Ao

where B and P denote the Binomial and the Poisson proba-
bility distributions. The integrals can be evaluated numerically
with the help of the incomplete Beta function and the incom-
plete Gamma function as detailed in the Appendix. We decide
to use a proper prior probability distribution on the number of
targets so that we have

1 if0<n<ng

P =
w(n) 0 if n>ng

(26)
for a certain ng € N. In keeping with the spirit of the point
estimation procedure with possibility functions, the point es-
timator of the number of targets with probability distributions
is the conditional expectation

+o0
N! = Z{ n Py|c,, (nlem) }.

n=0

27)

At this point, we have three point estimation procedures of the
number of targets from the number of contacts. The first two
are based on possibility theory and differ only by the prior
on the number of targets. One with and the other without an
upper bound on the number of targets. These two procedures
will be referred to as PS-UB and PS-NO-UB in the figures that
follow. The third procedure is based on probability theory and
imposes an upper bound on the number of targets. It will be
referred to as PR-UB in the figures that follow.

V. PERFORMANCE

We consider here the performance of the three point estima-
tors. We use the bias, the standard deviation (STD) and the root
mean squared error (RMSE) to perform the comparison. The
unit for all is the number of targets, which is why we favour
say, the standard deviation over the variance. They are related
to one another according to the well-known decomposition [9,
p-147]

(RMSE)? = (bias)? + (STD)?. (28)

They are estimated with a Monte Carlo simulation. The
number of Monte Carlo runs is set to one million. The number
of targets is uniformly chosen at random between zero and
no = 30. The Binomial detection rate is uniformly chosen at
random between oy = 0.8 and «; = 0.9 and independently
for every survey. The Poisson parameter is uniformly chosen
at random between Ay = 0 and A\; = 10 and independently
for every survey. For every survey, the numbers of true and
false positives are simulated independently according to the
Binomial and Poisson probability distributions and added
together to produce the number of detections. Fig.2 shows the
overall bias, STD and RMSE for the three point estimators. We
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Fig. 2. Opverall bias, standard deviation (STD) and root mean squared error
(RMSE) of the three point estimators as a function of the number of surveys.
Note that for all three point estimators, the STD is nearly equal to the RMSE
since the bias is nearly equal to zero.

observe that they are overall all nearly unbiased. Therefore,
the STD and the RMSE are nearly indistinguishable. The point
estimators based on possibility theory do worse than the one
based on probability theory in terms of the RMSE but by no
more than half a target. In particular, this is true for the one
that does not impose an upper bound on the number of targets
and thus rely on one fewer parameter. Fig.3 and 4 show the
bias as a function of the true number of targets when the
number of surveys is set to two and to four. As expected,
an increase in the number of surveys reduces the bias. All
three estimators are bias towards zero which is a natural
lower bound on the number of targets. There the number of
targets is over-estimated. When one imposes an upper bound
on the number of targets with a prior possibility function
or probability distribution, the resulting estimator is biased
towards this upper bound, in our case towards ng = 30. When
one does not impose an upper bound on the number of targets,
which is possible with a prior possibility functions, the bias
is nearly equal to zero. If an increase in the RMSE by half a
target is acceptable, we recommend using the estimator that
does not rely on prior information on the number of targets.

VI. CONCLUSION

This paper has been concerned with the Bayesian estimation
of the number of targets in an area of interest when no prior
information on the number of targets is available. We based our
work on possibility theory for it is capable of quantifying the
complete absence of information about the number of targets.
We derived two point estimators this way — one that does
not impose an upper bound on the number of targets and,
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for the sake of completeness, another that does. We compared
the performance of the estimators to a that of a third based on
probability theory. Note that the estimator based on possibility
theory that does not impose an upper bound on the number
of targets relies effectively on one fewer parameter than the
other two — the upper bound itself. We showed, in simulation,
that their overall performance in terms of the bias, standard
deviation and root mean squared error are equivalent give
or take half a target. The better performance goes to the
estimator based on probability theory. In terms of the bias
as a function of the true number of targets, we recommend
using the estimator that does not impose an upper bound on
the number of targets for its bias is towards the upper bound
is nearly equal to zero.

APPENDIX
A. Binomial and Poisson possibility functions

The Binomial and Poisson possibility functions are derived
from the Binomial and Poisson probability distributions with
a suitable normalisation. The Binomial probability distribution
B(n, k,a) with parameters n € N and o € [0,1] is defined
for k € N by

Cka*(1—a)" % if0<k<n

B(n,k,a) = )
0 if £ > n.

(29)
The Poisson probability distribution P(k, A) with parameter
X € RT is defined for k € N by

Pk, A) = e (A /ED). (30)

The Binomial and Poisson possibility functions are defined by

B(n, k,p) = B(n, k,p)/ g}gﬁglg(n, K, p)

) , 31)

B. Bayesian integration

The Bayesian integration of the Binomial probability dis-
tribution over its parameter involves the incomplete Beta
function. We have

/ B(n,k,a)da = CEB(k+1,n—k+1)
ao (32)

X (Ioy(k+1,n—k+1) = Io(k+1,n—k+1))

where B and [ are the Beta function and the incomplete Beta
function. The Bayesian integration of the Poisson probability
distribution over its parameter involves the incomplete Gamma
function. We have and
M T(k+1
Pk, \)dA = #
Mo k!

where ' and P denote the Gamma function and the incomplete
Gamma function.

(Py, (k+1) = Py, (k+1)) (33)
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